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NONLINEAR TEMPERATURE DEPENDENT FAILURE ANALYSIS
OF FINITE WIDTH COMPOSITE LAMINATES

ABSTRACT

A quasi-three dimensidnal, nonlinear elastic finite element stress
analysis of finite width composite leminates including curing stresses
ié presented.

Cross-ply, angle-piy, and two quasi-isotropic graphite/epoxy
Taminates are studied. Curing stresses are calculated using temperature

dependent elastic properties that are input as percent retention curves,

and stresses due to mechanical toading in the form of an axial strain

are calculated using tangent modulii obtained by Ramberg-0sgeood
parameters. It is shown that ggring stresses and stresses due to-
tensile loading are significant as edge effects in all types of
laminate studies.

The tensor polynomial failure criterion is used.fo predict the
initiation of failure. The mode of failure is predicted by examining
individual stress contributions to the tensor polynomial. Failure
is predicted to always initiate‘at the free edge, but not always-at
ply interfaces. The location and mode of failure is shown to be

laminate dependent.
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1. INTRODUCTION

The fabrication of laminated fibrous composites involves curing

‘the fiber-matrix system at an elevated temperature. Cure temperatures

for resin matrix systems vary from 350°F for epoxies to 650°F for

polyimides. The mismatch of thermal expansion-coefficients between-

fiber and matrix (or, a]ternati?ely, the orthotrdpic properties of the

lamina) coupled with the large temperature drop from the maximum cure
temperature can result in relatively high residual curing stressés in
Taminates at room temperature. These thermal stresses are often large
enough to cause transverse microcracking or ply delamination prior to
the application of mechanical load. Residual thérma] stresses are also
present in metal matrix composites such as bcron*aluminum, in which
their effect is manifested as yielding of the matrix material.

The development of residual stresses in composites does not have
a direct éounterpart in homogeneous, isotropic media and there are
relatively few studies of the subject reported in the literature. All

the studies are based upon the assumption that the total strain is the

sum of two distinct parts: the mechanical strain which is related to

the stresses through the constitutive equation, and the "free" thermal
strain which, in itself, does not cause stress in the laminate.

The purpose of this study is to analyze the thermo-mechanical
response of‘resin matitix composite§ and to predict the occurrence and
mode of first failure in finite width laminates. Previous researchers
have proposed various methods for calculating residual stresses, and

there have been a few studies of stress-strain response to mechanical




load which included residual stresses. Most previous studies typically
perform the residual thermal analysis and the mechanical load analysis
separately assuming linear elastic behavior. The principal of super-
position is used to predict the combined effect of mechanical load and
curing stresses. The present stddy treats the thermal and mechanical
behavior separately, but does not make the assumption of linear
elasticity. The residual stress field therefore cannot be superposed
on the mechanical load, but is used as an initial condition.  Special
attention is given to the influence of edge effects on the stress field
and the occurreace of first failure.

The finite element program NONCOM2 [1,2,3] was modified for thié
analysis. The efficiency and capability of the program were increased
so as to handle a larger number of nodes (with a choice for an in-core
or an out-of-core equatién solver) and a detailed failure analysis
using the tensor polynomial failure criterion for predict:ng first
failure. The modified program is-désignated NONCOM3. .Results vere

ottained for ciross-ply, angle-ply and quasi-isotropic laminates of T300/

5208 graphite epoxy.




2. LITERATURE REVIEW

Most previous theoretical studies are lamination theory solutions.
They are based upon the classical plate theory assumptions and, there-
fore, valid only in interior regions away from the free edges of finite
width laminates; they yield only laminate stresses. However, failure
inllaminates is often observed to initiate at the free edges [4,5] and,
therefore, the stress distribution there is of paramouﬁt interest.
The importance of edge effect during thermal loading of graphite-
polyimide was clearly demonstrated by Herakovich, Mitls and Davis [5].

Tsai [6] presented a thermoelastic formulation for calculating lam-
inate thermal stresses in 1965. This study presents the basic lamination
theory deve]opment for calculating residual stresses. A micromechanical
procedure fbr calculating residual thermal stresses was outlined by
Hashin [7]. One of the earlier reported analytical predictions of
residual stresses using lamination theory is a study by Chemis [8],
in which he analyzed laminates of different material systems, stacking
sequences and fiber volume fractions. Extensive experimental studies
were conducted at the IIT Research Center by Daniel and Liber [9].
They reported thermal stresses based upon measured strains andvtempera-
ture dependent constitutive relations.

Herakovich [10] was apparently the first to consider thermal
edge effects in composites. He analyzed laminates of boron-epoxy and
aluminum using finite e]éments, and considered stress distributions

due to thermal and mechanical loads. The analysis included interlaminar




streﬁses but was linear elastic withvconstant room temperature properties.
A nonlinear elastic finite element analysis, which included thermal
effects and temperature dependent properties was conducted by Renieri

and Herakovich [1], but residual stress predictions formed only a

limited part of the study and the finite element mesh used was quite
coarse. Their basic formulation will be used in the present analysis
with a much finer mesh, an improved equation solver and a failure
criterion added to the analysis capability.

Héhn and Pagano [11] pointed out the ﬁecessity for the inclusion of
terms corresponding to the stress and temperature dependence of proper-
ties. They developed a 'total strain' theory, in thch the strains and
stresses are calculated using temperature dependent elastic properties
at the temperdture of 1ntérest.

Daniel, Liber and Chamis [12] developed a technique to measure
residual strain by embedding strain gages between plies in laminates.
They used this technique for measuring curing strains in boron/epoxy
and Svg]ass/epoxy, and ca1culated streéses using temperature dependent
constitutive relations. Thermal cycling suggested that residual
stresses during the curing process were primarily due to thermal
mismatch between adjacent plies.

Chamis and Sullivan [13] outlined a procedure for ﬁon]inear analysis
of laminates with residual thermal stresses. The laminate was loaded in
increments, using stresses calculated in the most. recent load step to
calculate elastic moduli for  the next load step. Micromeﬁhanics was

used to predict lamina properties, which were used in the lamination




‘ strength.

theory analysis.

Hahn [14] concluded that the stress.free temperature in laminates
is lower than the cure temperature. The method outlined in [11] was
used to calculate residual strains which were compared to experimentally
determined strains. Daniel and Liber [15] investigated the effect of
stacking sequence on residual stresses in graphite/polyimide laminates.
The strains were determined exﬁerimental]y, and the stresses, calculated

using constitutive relations, were found to be close to the transverse

waﬁg and Crossman [16] studied edge effects due to thermal loading
on some specific laminates. They predict a peculiaf behavior for a
[i45]s laminate, with the existence of 'stiff' tensile and 'soft'
compressive zones in the laminate.

A report by Chamis [17] summarized work done at the NASA Lewis
Research Center on angle ply laminates over a periéd of eight years.

The effect of curing stresses on Iaminéte.warpage and fkacturelwas
studied experimentally and analytically dsing Tamination theory.

Pagano and Hahn [18] used the procedure described in [11] to calcu-
late residual thermal stresses, and studied their effect on failure in
laminates. The curing stresses were found to influence fifst failure in
laminates greatly, often reducing the applied load to fai]ure{by about
half. They note that the interlaminar normal stress 9, is significant
in some stacking sequences, especially at free edges, and that this
would result in failure initiating at loads much less thanm their calcu-

lated values. Their analysis is based on lamination theory and thus




does not treat the free edge problem in any detail.

Farley and Herakovich [19], using a finite element analysis, compared
boundary layer stress distributions due to mechanical, thermal, and
moisture loads in finite width laminates. Each type of load was analy-
zed separately; the study concentrated on the response of laminates to
different moigture gradients in the boundary laye:.

Kim and Hahn [20] published results of acoustic emissions of
laminates subject to mechanical loads. Curing stresses were included

in the lamination theory development for predicting stress at which

first failure occurred.




3. THEORETICAL BACKGROUND

The problem under consideration is the stress analysis of symmetric
laminates, including thermal and free edge effects. In this study the
nonlinear analysis for both mechanical and thermal loading is performed
using an incremental procedure. The loading is abproximated by a finité
number of load steps and each step is treated as a linear problem. The
applied load, whether mechanical or thermal, is assumed to be steady

and uniform across the laminate.

3.1 General Formulation

A typicdl balariced, symmetric laminate is shown in Fig. 1. The
behavior of the laminate can be assumed to be independent of the x
coordinate if b and H are small compared to L. As shown by Pipes and
Pagano [21] the linear strain displacement relations can be integrated
and manipulated to yield the following displacement field over the

cross-section of the laminate.
u = -(C1z+C2)y + (C4y+C52+C6)x + U(y,z)

2
v = (C12+C2)x -G 5§-+ Y(y,z) (3.1)

X

v = —C]xy + ny‘- 05 5 + C8 + W(y,z)

The displacement field has the following symmetry: with respect to

the x-y plane,
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FIGURE 1. TYPICAL LAMINATE GEOMETRY




u(x,y,2) = u(x,y,-z)
v(x,y,2) = v(x.y,-2) (3.2a)
wix,y,z) = -w(x,y,-z)

with respect to the x-z plane,

V(X,.Y’Z) = "V(X,-_Y,Z)

(3.2b)
w(x,y,z) = w(x,-y,z)
It has been experimentally observed [22] that.at z=:H
u(x,y,2H) = -u(x,-y,=H) (3.3)

As the thickness of the laminate is small, it can be assumed that
u(x,y,2) = -u(x,-y,z) . (3.4)
These symmetries simplify the displacement field to

u = C6x + U(y,z)

v = V(y,z) (3.5)

w = HW(y,z)

The analysis can now be restricted to one quarter of the cross-

section (Fig. 2) with the following boundary displacement constraints:

]

vV(0,z) = 0

(3.6)
0

]

W(y,0)

The following stress boundary conditions complete the boundary value

'prob1em.
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FIGURE 2. BOUNDARY CONDITIONS ON THE QUARTER SECTION
THE LAMINATE
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1
o

[ rzx(x,y,iH) = (x,y,+H) f oz(x,y,tH)

sz
, (3.7)

rxy(x,ib,z)

"
Q

sz(x,ib,z)

The individual laminae are orthotropic, having a stress strain:
relation with 9 independent constants. When referred to the laminate

axis, the stress strain relaticn transforms to (Appendix A)

& ‘h Gz Gz 0 0 G e
% C12 Co2 Gz 0 0 Cyufle
2N ] Y3 Q3 Gz 0 0 G fJe,
- - | (3.8)
Tyz 0 0 0 C44 C45 0 sz
Txz 0 0 _ 0 c45 C55 0 Yxz
xy/ LY Co6 G 0 0 Cegd\ vy

3.1.1 Finite Element Formulatien

This boundary value problem is cast in the finite.element frame-
work. The cross section is subdivided into triangular elements, and the
displacement field is assumed to vafy linearly within each element. The
elemental displacement field is represented in terms of thé nbda1 coor-
dinates and the nodal displacements. The total botential energy, con-
sisting of the strain energy and the potential'of external fcrces, is
written for each element in terms of the nodal displacements and forces.

The potential energy is then minimized with respect to the nodal

- displacements to obtain a linear set of equations relating nodal

displacements to nodal forces through the element “"stiffness matrix".
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These elemental stiffness matrices are assembled to form a system of
equations in the unknown nodalidisplacements. The system of equations
is solved after imposition of'boundary'conditions. The strains and
stresses in each element are calculated from the displacements.of the
element ncdes, tﬁe strain displacement relations and the constitutive

equations.

3.2 Mechanical Loading
Let the laminate in Fig. 1 be loaded with a uniform strain ¢ in
the x direction. The displacement field over an element at a cross
section X=Xy becomes
u = al + azy + a3z + ax]

=a, +agy tagz (3.9)

<
ll

W= ay + agy +~agz
When the parameters a;-ag are functions of the nodal coordinates and
displacements. As the laminate behavior is independent of the x
coordinate, X1 is arbitrary. Because the displacement field is assumed
to vary linearly over each element and the strain disb]acement relations

are linear, the strains over each element are constant. The elemental

strains can be written in the form:
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. , (N (A \k
€y avy +cv, + evy
< €, > ) %;,< bw] + dw2 t g, > v(3.10)
sz bv] + dv2 + 9v3 + aw, + W, + ews
Yyz bu]‘+_du2 + gu,
\ny) \au1 *+cuy + euy | /

where Ak is the area of the element, UssVyaWso (i =1,2,3) are the u,v,
and w displacements of the nodes 1, 2 and 3, respectively, and
a,b,c,d,e,q are known constants involving nodal coordinates.

The potential energy of the element is then expressed in terms of
the nodal displacements and forces. Minimization with respect to the

nodal displacements yields the'fo]]owing set of equations:

k Kk

/ f'lX,j\
f'
ly
1z'
2%

2y > (3.11)
22

4 —h

[k

-+

f3x

.
f3z
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where [K] is the 9x9 element stiffness given in Appendix B.
The stiffness matrices of all the elements are superposed to obtain
the global stiffness matrix. Bdundary conditions are imposed as
follows (Fig. 2):
Disptacement Boundary Conditions:
V=0 along y=0 and W=0 along z=0

This is achieved by constraining all the nodes on the line y=0 against

displacement in the y direction, and those on z=0 against displacement

in the z direction. Due to the assumed linear variation of the displace-
ment field, constraining two adjacent nodes also constrains the line
joining them.

Traction Boundary Conditions:

Ti:O on z=d and y=b

The traction boundary conditions are imposed by applying statically
equivalent nodal forces. The surfaces at z=H and y=b are stress free
and equivalent ncdal forces are therefore zero.

The reader is refered to [1] for a more detailed discussion of the

finite element formulation.

3.3 Thermal Loading
The basic assumption in the thermal formulation is that the total

strain can be written as a sum of a stress related mechanical sirain

and a free thermal strain.

The displacement field over the element has the same form as (3.5)

but the uniform strain £, instead of being known, is treated as an
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additional unknown that is common to all the elements. 1t is equivalent
to the total laminate strain during the thermal loading.
The mechanical strain {e}€ is used to calculate the strain energy

of the element.
(&%= (e - e} (3.12)
where {¢}° is the total strain, and {e}T the thermal strain. In terms

of the displacement field and coefficients of expansion, the mechani-

cal strain in the kth layer is:

k . 2 2
(cx \ -/5-(m-(x]+na2)AT . \k
€ (avy, + cv, + ev,i/A - (n21 + m2a yaT
y 1 2 37710 * 2/t
< ¢ \ - (bwy + dwy + gu3)/A - agdT > (3.13)
Yyz (bv]‘+ dv2 + gy, +oaw, +aw, + ew3)/Ak
Yz (buy + dup + gua)/Ay
\ yxy// \(au‘ + cu, + eu3)/Ak + 2mn(a] - az)AT /

Minimizing the potethai’energy of-the element with respect to

the nodal displacements and the unknown strain ¢, results in the

following set of equations
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o | /flx ‘
i f]y
" f12
u Fax
- < Y ) < foy >
[K] " = ‘. _ | (3.14)
U3 P fax
v3 f3y~4 - o
MR
i

where [K] is the 10x10 element stiffriess given in Appendix B.

The global stiffness matrix is obtained by the superposition of the
element stiffness matrices. Boundary conditions are imposed as in the
case of the mechanical load. There is one additional equation in the
thermal problem' for determining the uniform unknown strain £. It is

equivalent to the force equilibrium equation for the therma] load
n .
b fk =F=0 e (3.15)
k=1 .
The system of equations is solved for displacements and, as in the
case of the mechanicail loading, the strains and stresses calculated.

Tne thermal response is assumed to be linear elasStic in this

study. The stress state resulting from some temperature change from
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Ti to Tf is given by
/‘Tf < de° :
{c} i’T [C(T)J(a;-(r)}dr (3.16)

. C
As exact mathematical forms for [C] and {%i- are not known, continudus
integration cannot be performed, and for an incremental solution (3.16)

must be evaluated as a summation.

nsteps .
{o} = £ {s0} . (3.17) -
i=1
Consider the ith load step in which the laminate is subject to a
temperature change from T] to T2. By the incremental strain theory,ﬂ

the increment of stress is given by

{Aci}lT = [C(T) 1A’ (1)) .- (3.18)

However, as pointed out by Hahn and Pagano [11] this equation does not

_ take into account the temperature dependence of elastic properties.

Their total strain theory gives the expressicn for the incremental

stress to be

(a0} = (UMM + (FF [CMD(T)aT (319)
T .
The second term of (3.19) is difficult to evaluate accurately in view
of the limited data available for C(T). Further, for properties which
do not exhibit large temperature depéndence, the second term will be

small for small AT. Thus the incremental stresses were approximated as
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{Aoi}lT : [C(Tm)]{Aec(Tm)} (3.20)
2

where Tm is some intermediate temperature between T] and T2, chosen
to be the mean in this study. The temperature dependence of proper-

ties is included in the formulation through the term C(T).

3.4 Nonlinear Analysis

3.4.1 Mechanical Loading

The nonlinear analysis is carried out in an incremental fashion
using data obtained in the previous load step to calculate the material
constants for the current load step.

Ramberg 0Osgood pérameters [23] are used to represent the non]inear

stress strain relations. Typically

n.
e = F+kio Vooge1,2 (3.21)
The tangent modulus is defined as
c _do _ E
E = ac - o (3.22)
SECN T
The stress at load step i is :
i R
oy = I aedE, (3.23)
=1

and the tangent modulus for the i+1 step is

= E (3.24)

i .~ n-
K.En (£ hedE.) 1Tl
LR A h]

i+1
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The tangent modulus for each elastic constant is calculated assuming
that there is no interaction between'the various stresses during nonlinear
behavior.

As indicated in Fig. 3 there is some error in following the stress-
strain curve. This error can be minimized by itefating the solution
in every load step, or by using smaller load steps, as is done in this
study.

3.4.2 Thermal Loading

Temperature dependent elastic properties are used for the analysis
of thermal loading. The elastic moduli E]1, E22’ GlZ’ etc., Poisson's
ratios Vi Vo3» etc.. and strengths X, Z, S]3,vetc., are input at
various temperatures, in the form of percent retentions, as shown in
Fig. 4. In a givén thermal load step, the mean temperature Tm is
found and the property Tinearly interpolated between the nearest higher
and lcwer femperatures (T],Tz) for which properties have been input?
These interpolated values are then used to evaluate the stiffness
matrices. The analysis accuracy improves with a larger number of input
points, since the retention curves for elastic properties and strengths

are approximated to greater accuracy.

- - . . PR L.

3.5 Failure Criterion

The finite element analysis provides a th;;é dimensional state of
stress, presenting a unigue opportunity to study st{ess interaction
and fa%iufé. 3

Tsai and Wu [24] proposed that the faiiure surface Be represented

in the form of a tensor polynomial
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F 1 (3.25)

i3%3 * Figa%ig®a

The Fij is a second order tensor and Fijki a fourth order tensor.
The numerical values of the terms are obtained from the material
principal strengths. The tensors simplify greatly for orthotropic
material. The transformations of the nonzero terms in these tensors,.
in the contracted notation, are given in Appendix C. The strength
parameters F]Z’ F23 and F]3 require special biaxial loading tests
unlike all other parameters which can be obtained from tensile, com-
pressive and shear tests. Failure is predicted to occur when the value
of the polynomial is equal to or greatef than 1.0. The failure mode
can be predicted by comparing the individual contributions of the

stress components to the polynomial [25].




4. PRELIMINARY STUDIES

4.1 Mesh Size

The present analysis is conducted at the tamina level, (treating the
fiber matrix system as a continuum) and not at the micromechanical Tevel.
The finite eiement method discretizes the domain being analyzed. Using
finer grids, one can get a better representation of gradients and hence
better results. The problem is deciding on the appropriate size of
elements for the problem being studied. ‘

Lamination theory results are accurate in the interior of the
laminate. The elements in that region can be much larger than those
near the free edge where large stress gradients exist and a finer mesh
is necessary. The effect of mesh size was studied by using various

meshes for a [90/0]S laminate that was loaded with the same strain of .

”0.1 percent, keeping all the material properties constant. It was

observed that not only do the stresses in the region near the free
edge change, but the maximum value of the .tensor polynomial used to
predict failure changes with mesh size. A linear elastic analysis
also predicts different first failure tocation, for the same. laminate
and the same loading, depending on the mesh used. Table 1 shows the
location and maximum value of the tensor polynomial for various meshes
(Appendix E1, E2, E3, E4, E5) for a tensilé load of 0.1 percent strain.
The méshes were generated using the mesh generation code devloped by
Bergner et al [26].

The stress distribution i3 alsc a function of mesh. For example,

23
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TABLE 1

INFLUENCE OF MESH SIZE ON FIRST FAILURE IN A
o [90/0]s LAMINATE

Mesh Elements Failure Location Tensor
on Free Edge Polynomial

£l 124 center of top layer .238776

E2 230 center of ‘top layer .238876

£3 326 near interface in . 256435
top layer

E4 . 598 neér-interface in .266231
top layer

£5 878 near interface in 280495
. top layer

* Linear Elastic; Applied Strain Loading
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o, for a [90/0]s laminate exhibits singular behavior, with a 1arge'ten-
sile value, at the free edge [25,27]. ‘However, if the grid used is not
fine enough, it is compressive rather than large tensile {(rig. 5).

In Gr/E laminates, there are approximately 20-25 filaments through
the thickness in each ply. Fig. 6 shows the smallest elements in the
grid drawn on the photograoh of a typical Gr/E ply. In the finest mesh
used in this study, there are.l6 elements thrcugh each ply for four p1y
laminates and 32 elements through the thickness for two.ply laminates.
Therefore, per element, there is just over one filament in.the thickness
direction. For a laminate aspect ratio of 25, the number of filaments
calculated to be in the smallest element.is approkimatgly 3.75, assuming
a fiber volume fraction of 0.5. This mesh (Fig. E5) was hodified <o

that it could also be used for a four layered laminate (Fig. 7).

4.2 Averaging Finite Element Results

The finite element formulation used in this investigation yields
"constant values for stresses over each element. Two'adjacent elements,
{n general, give different values for the stress at points on their
common boundary. In order to eliminate the discontinuity of the
stresses, most finite element analyses use an averaging technique.

The following averaging scheme is used in this study (Fig. 8).

The inter]aminar stresses ¢ must be continuous throuchout

z° Tyz* xz

the laminate. At a point A, these stresses are averaged oVer the

may be

s T

. y xy
discontinuous across laminate interfaces, but within each ply, they

elements 11, 12, 13, 14. The laminate stresses Oy O
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LAMINATE WITH MESH SIZE




Q3S0dW1¥3dnS

U.m»zmzmqu 1S3TTIVWS HLIM ATd AXOd3/31IHdVY9 TWIIdAL




93 HS3W " F4NII4

0L 670 | SIAON 20§ *SINIWITI 968 _ 0%

/\/.
—

0"t

0°¢

4
i




™y
(Y=

14

15
16

FIGURE 8. AVERAGING SCHEME




romg

are continuous. At a point B they are averaged over elements 15

and 16.

4,3 Linear Elastic Analysis
The tensor polynomial predicts failure to occur when it attains
the value 1.0. Suppose that for an applied strain ¢, the stress state

is determined and the tensor polynomial calculated as

Fi5%; * B e B 7Y (4.1)
Let failure occur at a strain of kg, i.e.
2 _ .
ka + k"8 = 1 (4.2)

This quadratic_equation is solved for k, and the strain af first
failure determined. o

The stresses and tensor polynomial were evaluated for various
laminates loaded with an axial strain of 0.1 percent. Based on these
results, 'k' was calculated for the element which had tﬁe highest
value of the tensor polynomial function for each laminate.

These values are presented in Table 2, and were used to estimate

-the mechanical load for first failure, and the number of load increments

in the nonlinear analysis.

4.4 Stress Free Temperature
During manufacture, laminates are heated to some maximum elevated
temperature; hcwever, bonding usually takes place at some lower

temperature. At that temperature, the laminate is in a stress frec
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TABLE 2

' LINEAR ELASTIC PREDICTIONS OF FIRST FAILURE

Laminate Strain af
First Failure*
fo/90], 0.327956
(90701, 0.375117
[+10] 0.253761
[+15] 0.22304
- | [+30], 0.481329
[+45] 0.476636
t:so]s 10.456682
[+75], 0.423255
[90/0/+45] 0.318849
[+45/0/90] 0.149065

* Mesh E6
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state. This stress free temperature TO is the reference temperature
for éa]cu!atiné the residual stresses. T0 depends on the materiaf
system of the laminate, and the cure cycle used. Tsai [6] suggested
that T0 be experimentally determined from a [+e] unsymmetrical

laminate which warps on cooling. ~The temperature at which the

laminate becomes flat on reheating is fo' T300/5208 is cured at . ..
350°F, but the suggested values for To vary widely. Renieri and
Herakovich [1] used a value of 270°F, while Chamis always uSés the
highest temperature attained in the cure cycle as the value for To'

A stress free temperature of 250°F isvsuggested in [18,20]. Hahn [14]
rehested warped unsymmetrical laminates, but found values of To varying
from 250 to 300 degrees. TO was choosen to be 250°F for the present

analysis.

4.% Load Steps for Thermal Load

= A study was conducted to evaluate the effect of cooling the laminate

in different load steps. A [90/0]S laminate was chosen because it ex-
hibits the maximum mismatch in expansion coefficients and material
properties. This laminate was analyzed assuming the cooling from To to
room temperaidre in1, 2, 3,4, 5, 6, 8, and 10 1nad steps, and the '
resulting distributions of 9y plotted. Typical variation of the

stress is presented in Fig. 9. The largest value of the tensbr poly-
nomial Qé;jglso determined for these case studies. The results
presented in Tabie 3’sth that the maximum value decreased with

increasing number of load steps. The location of the largest tensor

PR
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TABLE 3
EFFECT OF LOAD STEPS ON THE TENSOR POLYNOMIAL
[90/0]S LAMINATE

Maximum Value of
ilo. of Load Steps Tensor Polynomial

1 .8767522

.7699715

7252781

.6949252

.6705358

.6497218

.6132286

10 .5822445
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) polynomial value was independent of the number of load steps. As seen
from Fié. 9, thé stress distribution appears to converge with increasing
number of load steps. In this finite element analysis, the stiffness
matrix must be recalculatad for each load step. Using a grid with 896
elements therefore invoives an enormous amount of =xpensive computation.
It was decided to cool the 1am5nate in 6 load steps of ~30°F each, a

compromise between satisfactory convergence and computer cost.




5. STRESS AND FAILURE ANALYSIS OF LAMINATES

Cross-ply, angle-ply, and two quasi-isdtropic graphite/epoxy
laminates were analyzed in this study. In order to obtain the total
stress stéte in the 1aminate; the process of cooling to room temper-
ature was modelled in thermal load steps with temperature depen-
dent properties and the nonlinear analysis of subsequent. mechanical
1oadihg was modelled as é number of linear elastic load steps. Stress
distributions were plotted at the strain at which the first element was
predicted to fail using the tensor polynomial failure criterion. Damage
is predicted to initiate at this strain. This study does not predict
the ultimate failure strain, but does predict‘the mode of first failure.
fach load step for the mechanical load was taken to be 0.05 perceni

“strain, the choice guided by the linear elastic predictions for the

strain at first failure in each laminate and computer cost.

5.1 Cross-Ply Laminates
5.1.1 "Stress Distributions
The mismatch of the expansion ébefficients between adjacent layers
is maximum in these laminates and results in very high curing stresses.
For the purpose of comparison, distributions of non-zero 1ahina;e
stresses are presented in Figures 10;13 for the following three cases:
1. residual thermal strésses. |
2. nonlinzar analysis of mechanical lcad at first failure

(including residual stresses).

“36
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3. stresses obtained from a linear.elastic analysis of pure
mechanical load, scaled to the first failure strain as
prediéted by the nonlinear analysis.

The laminate stresses oy and oy for the [O/QOJS and [90/0]S
laminates are shown in Figures 10-13. As a result of cooling, the
laminate shrinks and oy is compressive in the 0° layers and tensile in
the 90° layers, while oy is tensile in the 0° layers and compressive
in the 90° layers. The stress magnitudes are equal for both layers
and stacking sequences. The signs are opposite, thus satisfying
equilibrium. With the application of‘an axial strain load, stress
reversal occurs for 9y in the 0° layers, but the 90° layers experience
increased stress magnitude (Figs. 10, 11). Inclusion of thermal
stresses is shown to have a significant influence on the overall state
of stress at first failure. Comparison of the linear elastic and
thermo-mechanical results for o, at first failure shows that the [0’/90]S
laminate is preferred with oy in the 0° layer being more than three
times that in the [0/90]S laminate at first failure.

Edge effects are seen tb be present for these laminate stresses.
The axial stress (ox) is higher in the boundary layer of the 90°
layers and lower in the 0° layers. The transverse stress (cy) decreases
to zero at the free edge for both 1aminates and. layers as required by
the boundary conditions. Careful examination of the figure inéfﬁétes '
that the boundary layer for thermal and thermo-mechanical loading is
generally three to eight times that for the linear elastic ana1ysist

Interlaminar normal stress distributions are presented in

RO
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figures 5 and 14 for the three loading cases. Momerit and force equili-

brium of the free body diagram in Figure 15 requires that

' | b
iM=20 =/ oyzdz =/(; czydy

Thus, the o, distribution along the 0/90 interface snould be
equivalent to a pure couple which balances the moment due to oy.
Since the sign of o, changes when the stacking sequence is reversed,
the direction of the o, couple should also be reversed. As indicated
in Figure 14, this condition is satisfied im principle by the o,
distributions for the two stacking sejuences, for both thermal and
thermo-mechanical loading. The results in Figure 5 for linear elastic
loading of a [90/0]S laminate also indicate satisfaction of these |
equilibrium requirements. '

As mentioned in section 4.1, the o, distribution near the free
edge is very dependent on mesh size. The general character of the
distribution is such that the equilibrium requirement are not grossly
violated for any of the meshes studied in this investigation, however
the magnitude Iy at the free edge varied from -80 psi for the coarse
mesh to +145 psi for the finest mesh for & Jinear elastic analysis

and axial strain of 0.1 percent. These results confirm those of Wang

and Dickson [27] that a, attains a tensile value at the free edge for
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a [90/0]S as well as the [0/90]S laminate.

The results in Figure 14 were obtained with the finest finite
element mesh from Figure 5 (i.e. E5). They show that o, in the
[0/90]S lamiqate is tensile with singular behavior for both thermo
and thermo-mechanical loading. It is also apparent that the thermal
effects dominate the boundary layer stress distribution for the [0/90]S
laminate. Reversing the stacking sequence does not result in a mirror

image of the stress distributions. Figures 5 and 14 both indicate a

second reversal of the gradient of o, near the free edge. The linear

elastic results (Figure 5) predict a tensile o, near the free edge
whereas the thermal and thermo-mechanical results show that thermal
effects and nonlinear behavior have a beneficial effect on the magnitude
of az‘at’the free edge of a [90/0]S laminate. | '

It is also apparent from Figure 14 that the significance of
thermal effects is laminate dependent. Thermal effects dominate the
a, distribution in [0/90]S laminates, but mechanical effects are more
dominate in the [90/0]s laminate. Boundary layer width is, however,
essenﬁia]ly the same for both types of loading and both laminates
zxtending over approximately 15-20 percent of the taminate width. The
width of the boundary layer in the [90/0]S laminate is essentially the
same for all three typas of loading (Figures 5 and 14). |

Through-the-thickness variations of o, and o for the residual
stress state are compared to the distribution obtained by Wang and
CrOSSmanv[lﬁl using a linear elastic thermal analysis in Figures 16

and 17. Though the shape of the stress distributions is approximately
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the same, there is significant difference in the magnitude of the
stresses. The maximum va}ue of 9, in a [0/90]5, for example, is
predicted to be 2.01 ksi by this analysis compared to a value of 5.4
ksi from [161. This difference can be attributed to the incremental
analysis using temperature dependent elastic properties. It should
also be 6bserved from Fig. 16 thét, in all cases, the maximum positive
value of g, occurs within a layer and not at the ply interface.

5.1.2 Failure Analysis

The curing stresses in cross-ply 1aminat¢s are very high. In a
[0/90j; laminate, the stresses resulting from cooling the laminate
in six load steps were high enough for the tensor polynomial to predict
failure. (In fact, cracks are sometimes observed at the free edge of
cross-b1y’]aminates [8,20].) For the purpose of -this analysis, the
[0/90]S Taminate was cooléd in eight load <teps in order to reduce the
step size and, thereby, eliminate the prediction of failure. A1l other
laminates were cooled in six thermal increments. With the application
of mechanical load, first failure was prediéted to occur at a strain
of 0.05 percent in the [0/90]S laminate and at 0.15 percent in the
[90/0] laminate. '

The tensor polynomial is plotted along the interface and through
the thickness for both laminates in Figures 18-20. Failure for both
laminaﬁes was predicted to initiate in the 93° ply at the free edge.
Figs. 18 and 19 show the variation of the tensor polynomial along the

interface in the 90° ply, as determined from the curing stresses and

subsequent mechanical loading. The curing stresses are predicted to
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make a major contribution to initiation of failure in regions close

to the free edge in both laminates. Through-the-thickness variation
(Fig. 20) shows the effect of curing stresses to be significant in

the 90° layers of both laminates. In the 0° layers the tensor polynbmial
has a negative value, which is possible when using the fensér polynomial
failure criterion. The maximum value of the polynomial occurs within
the 90° layer for both laminates, not at the 0/90 interface. Thus,

first failure is predicted to occur within the layer and not at the
interface. ’

The tensor'polynomia1 for the element which was first to fail was
analyzed in detail; the individual contributions frdmveéch of the
contributing stresses are presented in Table 4. The table shows that
while o, make the largest contribution to the polynomial at failure
for both laminates, the contribution from oq is very significant in
the [0/90]S laminate. It may be said that the [0/90]S laminate fails
in a mixed o,-03 mode but the [90/0]S laminate fails primarily due to
Ty j.e. transverse tension. The [0/90]S laminate experiences Tirst
failure at one-third the failure strain of the [90/0]5. Since the
[90/0]S is predicted to faii at a higher applied strain, it is prefered

over the {0/90]S for tensile loading.

5.2 Angle-Ply Laminates
5.2.1 Stress Distributions
The angle-ply laminates studied were the [:IO]S, [:15]5, [:30]3;

(145]5 [:.60]S and [:75]5. The thermal mismatch between adjacent plies
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TABLE 4

FAILURE MODE ANALYSIS OF CROSS-PLY LAMINATES

Laminate | F,0, | Fopos | Faog | F 2 1 FoggtFo ol | Faoq#F o ?siit
2%2 2292 393 | 7333 292772292 393773393 '

Failure

(07901, || .4898 1186 | .3367 | .6561 .6084 | .3928 .0005

[90/0], || .6360 2000 | .1531 | .0116 .8360 .1647 ,6015




is not as severe as that in cross-ply laminates except for the [:45]S
laminate. Thus, the resicdual stresses are in general Tlower. It is
interesting to note that, in the material principal coordinates, the
residual s*resses in the cross-ply and the tt45]5 laminate are the
same, except at the free edges. This is of course expected because
of the tensor property of the coefficient of thermal expansion.

The highest absolute value of each stress component was ﬁorma\ized
and plotted versus the ply angle. Figs. 21 and 22 show the variation
of the laminate and the interlaminar stresses for thermal and mechanical
loading, respectively. The thermal mismatch in angle-ply laminates is
maximum at 45°, and all thermal stresses.(Fig. 21) attéin their maximum
values at 45°, except for oy which attains its'maximum at 30°. This
is because the stress state not only depends.on the curing strain
(thermal mismatch), but alsc on the elastic modulus and Ex decreases
sharply as the ply angle increases from zero, tapering of f at larger
angles [29]. |

The maximum value of the individual stress components occur at
different fiber angles. for mechanical loading (Fig. 22). The magnitude
of o s large at low angles, with its maximum at 0°, while 7
attains its maximum at 15°. Three components, o,, T, .» Oy attain

2’ yz
their maximum value at 30° and Ty attains its maximum at 45°. These
results show that there are fundamental differences between thermal
and mechanical loading of angle-ply laminates.

The distribution of curing stresses is roughly the same in all

angle-ply laminates, the difference being in the magnitudes of
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different ply crientations. The curing stresses in the [145]5 are
typical and are presented, Fig. 23 showing the lamina stresses and
Fig.‘24. the interlaminar stresses. The stresses cy’ ’xy’ and ’yz
are seen to approach zero as required by the stress free boundary
conditions. As in cross-ply laminates, the curing stresses exhibit
edge effects, with the presence of a boundary layer for y/b greater
than 0.9. Fig. 24 shows that the boundary layer fer ryz'at the +45
interface is apnroximately twice that of c, at the midplane.

Though-the-thickness variation of oy and t__ near the free edge

b ¥4

for a [tdS];‘iaminate are compared to distributions obtained by Wang

‘and Crossman [15] in Fig. 25. As in the cross-ply laminates (Fig. 17)

the present‘soiution predicts much lower stresses. GEoth components
of stress exhibit sharp gradients in the vicinity of the interface.
5.2.2 Failure Analysis

The “interlaminar distribution of the tensor polynomial, at first
failure;AE; determined for thermo-mechanical loading, is shown in

Fig. 26 for various fiber angles. This figure demonstrates that the

edge effecté are dominant at small angles of crientation, and that edge .

stress concentrations decrease with increasing angle. At large angles,
failure is first predicted at the free edge, tut elements in the

interior have large values for the tensor polynomial, hence the entire

laminate is close to failure. The tensor polynomial exhibits a small

negative value in the laminate interior for luw fiber angles. This

is acceptable invthé failure criterion, and signifies that the region

is well below failure. These results indicate tnat the laminate fails
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in an edge mode for small fiber angles and in a léminate mode for large’
fiber angles.

Thermal stresses in angle-ply laminates are an edge effect."This
is clearly seen from Fig. 27, where the tensor polynomial has been
plotted through the thickness along the free edge for severa{ fiber
angles, for the curing stresses as well as for the stress State‘existing
at first failure. The presence of the free edge and dissimilarity of
material causes additional stress gradients at the interface. Failure
is predicted to initiate at the interface for low angles, shift to the
midplane at 45°, and shift back to the interface for angles greater
than 45°. The maximum value of the tensor polynomial for thermal
loading occurs at 6=45° where the property mismatch is largest.

The»stress state of the element where first failure was predicted
was transformed into the material coordinate system and the individual
termS'of the tensor polynomial evaluated and presented in Table 5.

The tensor polynomial is completely dominatéd by Thgy for the 10° and
15° degree laminates, and the mode of failure is therefore predicted

to be transverse shear. With increasing angle, ‘the contribution of ’i3
decreasgs while that from Tog and T2 increase and the mode of failure
continues to be iﬁansverse sheér up to 6=30°. At 45°, the polynomial
is dominated by the o) terms, though tnere is significant contribution
from T2 which decreases with further increase in fiber angle. The
failure modé for angles equal to or greater than 45° is predicted to

be transverse tension.

Failure was predicted to initiate at the free edge for all




63

CSILYNIHYT ATd-3T9NY

NI JUNTIV4 LSHI4 LV SISSIYLS QHY SISSIULS ONI¥ND ¥04

SNOTLNGI¥LSIA TWIWONAIO YOSNIL SSIMNIIHL-IHL-HINOWHL “Z¢ 3dNU1d

W IHONATOd HOSNIL

0"t 80 9°0 vo 20
§ 1 1 1 { \ N R
HIRE ] .u ;
! g 1 “ : !
1 y ! H ! !
o n / ;
Vol “
[ !
Vi :
401 ;
"u\ \
X
(i / \\
\\\ /I \\
«W\ ‘\ .../\l)\ \\\\ut....\\\
el mmr. AT
3. HMAJAW::!:-
/N/a//-m\\ ///
\
TANEE
\ / /_
| \ N \ \ TYWy3HL
\ ) 3¥nTIvd ISt N\, \ WNOIS3Y
—. “ |J<UMZ<IUu.1 / _.
w : -OW¥3IHL -~ / /
1 . i
N T/J T qJ w// Y " _ﬂ\“ _ q . : f / _/, A” u
S. St 09 0t , Sl ot Sy 0£ 09 GL O




64

8¥00° | 9C00° wm—o._ Lo00* SL1o0° _mew. mwpu. 0000° 2000° - mmmhﬂu
00€0° | 8¥00° | Li€0* | S000° 20€0° | 99227 oumm. 0009° moomq- mmoouu
€641 | 0000° | 0000" | S000° Gleo” | €28L° 009" | s000° {2007 mHWcuu
06£2° | 28BES™ | S0EE" | 92007 62L0°- | 9400° L2l - | ¥020° £510° mmomﬁu
Evy0° | 8088 | Svll® | L00O° 1010~ | ¥500°~ £50L"- | 6050 1€20° nmmpﬁmll
9120° | 9106" | v6¥0° | 0000" | 6.00° | S¢00° StL0°- | 94S0° £420° mmo—ﬂu
NWpoom m%pmmm mmpvvm mommu €58, wommu Nowu wop—u Lly [ajeuiwey

3¥NTIVY LV IVIWONATOd HOSN3L 3HL 40 SWY3L TWNQTAIGNI

S 31gvl




65

laminates studied. In the i0° and 15° laminates first failure initiated
at 0.003 percent strain, in the 45° at 0.0045 percent strain and at
0.004 for the 30°, 60° and 75° laminates. The strains at which first
failure is ?redicted is the same for some laminates because the strain
was applied in load steps of 0.05 percent. Linear elastic results in
[25] indicated that the [:15}5 laminate was the most critical and that

the strain to failure increased with increasing fiber angle.

5.3 Quasi-Isotropic Laminates

5.3.1 Stress Distributions )

The quasi-isotropic laminates analyzed were the [:45/0/90]S and
the [90/0/&45]5. Lahinate and interlaminar stresses for residua1 
therma]»and first failure under thermo-mechanical loading are presented
in Figs. 28-33. Axial'(cx) and transverse (oy) stresses in the 90°
layer of both laminates are shown in Figs. 28 and 29, respectively.

The results show a strong edge effect in oy which is tensile, and
thus leads to early transverse tension failure at the free edge. The
width of the boundary layer for thermo-mechanical loading fs signifi-
cantly larger than that fdr thermal 1oading;"This is believed to be
a manifestation of non]inea? material behavior. The residual stresses
are shown tu make a significant contribution to the stress state that
exists when failure initiates.

‘Various interlaminar stresses are plotted at different interfaces
of both laminates in Figs. 30 and 31. As indicated in the.figure,
the edge effects extend further into the interior for thermo-mechanical

loading than they do for purely thermal loading as was the case for
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laminate stresses. Though ’yz tends to zero at the boundary, T2 |
And o, are singular at the free edge. This was the case at all inter-
faces except the 90/0 interface whare bz reverses sign from its large
negative value, tending to zero or some tensile value at the freel |
edge. Such a behavior was also predicted for a [90/0]S laminate
(Figs. 5 and 14). “

' fhrough-the-thickneés.distributions of éx’and'oz.afé brésented
for thermal and thermo-mechanical loading in Figs. 32 and 33. The 9y
ctress distributions show the unloading of the 0° layers wfth the
application of mechanical load. However, this positive feature of
thermal stress is offset by the fact that the thermal stress has the
same sign as the stress due to mechanical in the 90° layers ané,
therafore, contributes to early failure in that layer. The a,
distributions show that the signs of the stresses due to thermal and

thermo-mechanical are the same. The interlaminar normal stresses are

predominately compressive for these two stacking sequences and,

‘therefore, do not contribute to delamination. The only exception

being rear the midplane of the [:45/0/—'90]S laminate. . It would appear
from these results that, of the two, the [90/0/:45]S is the preferred

laminate for tensile loading.

5.3.2 Failure Analysis

The distribution of the tensor polynomial in the 90° layer adjacent

to the 0/90 {nterface of both laminates €§ shown in Fig. 34 and the
through-the-thickness distributions near the free edge are shown in

Fig. 35. Both figures show results for residual thermal and thermo-
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mechanical loading. The 90° layer wa;.chosen for illustration because,

as indicated in Fig. 35, fhe polynomial attains its largest value in

this layer. The distributions in Fig. 34 show that the polynomial attains
its maximum at the free edge. A boundary layer effect is véry evident
with the width»St the boundary layer for thermo-mechanical loading

being several times that for thermal Yoading. This figure also shows

tﬁat theriial effects hake a significant contribution to the tensor
polynomial, and that the boundary layer effects are much stronger in

the [ 45/0/90] laminate.

The through-the-thickness distr1but1ons in Fxg 35 indicate that,
for both laminates, the maximum va]ue of the polynomial occurs within
ihe 90° layer as opposed to the 0/90 interface. In the [90/0/:95]S
1am1nate, the maximum value is just below the midpoint'of the layer
thickness. 1In the [:45/0/90] , the maximum value {s at the center
of the 90° 1ayer the midplane.,

The terms making significant contributtons to the tensor
poiynomial at failure (in material coordinates) are presented in
nab1e 6 for the element that was the first to faii in each laminate.
These results show that there is sagnificant difference in the mode
of first failure of the two quasi-isotropic laminates. The
[+45/6/90]; laminate fails in.a mixed 0p=0, mode whereas the
[90/0/‘_45]S laminate fails in a predominately c, mode. The influence
of the higter interlaminar norinal stress in the [-45/0/90], is

shown to lead to failure at a lower applied strain.
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6. CONCLUSION

‘The present analysis has concentrated on the evaluation of residual
thermal stresses induced during curing of composites and thermo-

mechanical strésse§ due to combined thermal/ﬁeéhahical loading.

Particular attention was given to the influence that boundary layer

effects near the free edge have on the initiation of failure in angle-
ply, cross-ply and quasi-isotropic laminate as;predicted:by the tensor
polyncmial failure criterion. The following conclusions can be drawn
as a result of the study.
1. Mesh size has avsignificaht_effect on the giress values
obtained from a fin{te element investigation of the
stress distribution near the edge of a finife width

laminated composite.

[N ]
.

Thefmal effects are significant in the boundary layer

of laminated composites.

3. The boundary Iayeézstress distribution in gross-ply
laﬁinates is very dependent on the stackind‘sequence.
For Vinear elastic material behavior, both [0/90]S
and [90/0']S 1aminates exhibit tensile interlaminar
normal stress at the free edge.

4. Failure in a [O/QO]S‘laminate initiates at approximately

one-thjrd the inftfal faflure strain of a [90/0],

laminate under tensile load.
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Failure of cross-ply laminates initiates at the free
edge within the 390° layer, not at the 0/90 interface.
Failure of a [0/90]S laminate is a mixed mode in
05-03 whereas the [90/0]s laminate fails primarily
due to transverse tension (qz).‘_

The stress behavior ihbang1e-p1y ]aminaies is
fundamentally different for thermal and mechanical
loading. The [+45]  laminate is most critical for
thermal loading, but the [:lS]s laminate is most
critical for tensile loading.

Angle-ply laminates with small fiber ang]e§ fail due
to interlaminar shear whereas laminates with large

fiber angles fail due to transverse tension. -

Failure of angle-ply laminates initiates at the free

edge. For small and large fiber anqgles, failure

initiates at the 6 interface. For intermediate

_angles, failure initiates at the midplane.

Two modes of failure are predicted for angle ply

‘laminates, an edge mode for fiber angles equal to

or less than 30° and a laminate mode for angles
equal to or greater than 45°.

Faflure i the [£45/0/90] and [90/0/:45] laminates
initiates at the free edge near the center of the

906° layer(s). The [:45/0/90]S fails at a lower

applied strain in -z mixed Gy=0q mode wnereas the
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iy [90/‘0/:4513 laminate fails primarily in a transverse
_ tension mode.
4




10.

1.

12.

13.

BIBLIOGRAPHY

Renieri, G. D., Herakovich, C. T., "Nonlinear Analysis of lL.aminated
Fibrous Composites," VPI&SU Report VPI1-E-76-10, June, 1976.

Humphreys, E. A., Herakovich, C. T., "Nonlinear Analysis of Bonded
Joints with Thermal Effects," VPI&SU Report VPI-E-77-19, June, 1977.

0'Brien, D. A.; Herakovich, C. T., "Finite Element Analysis of
Idealized Composite Damage Zones," VPI&SU Report VPI-E-78-6,
February, 1978.

Reifsnider, K. L., Henneke, E. G. II, Stinchcomb, W. W., "Delamina-
tion in Quasi-isotrcpic Graphite-Epoxy Laminates," Composite
Materials: Testing and Design (Fourth Conference), ASTM STP 617,
American Society for lesting and Materials, 1977, pp. 93-105.

Herakovich, C. T., Davis, J. G., Jr. and Mills, J. G., "Thermal
Microcracking in Celion 6000/PMR-15 Graphite/Polyimide," Proc.
of the Internaticnal Conference on Thermal Stresses in Materials

~and Structures in Severe Thermal Environments, Blacksburg, Va.,

March, 16980. :

Tsai, S. W., "Strength Characteristics of Composite Materials,”
NASA CR-224, April,'1965.

Hashin, Z., "Theory of Fiber Reinforced Materials," NASA NAS1-8818,
November 1970. '

Chamis, C. C., "Proceedings of the 26th Annual Conference of the
SP1 Reinforced Plastics/Composite Inctitute,” Section 18-D,
Society of the Plastics Industry, Inc., N.Y., 1971, pp. 1-12.

Daniel, I. M., Liber, T., Lamination Residual Stresses in Fiber
Composites,” NASA CR-134 826, March 1975._

Herakovich. C. T., "On Thermal Edge Effects in Composite Laminates,"
Int. J. Mech. Sci., Vol. 18, pp. 129-134, 1976.

Hahn, H. T.,-Pagano, N. J., "Curing Stresses in Composite

. Laminates,” J. Comp. Mat., Vol. 9, 1975, pp. 91-106. .

Daniel, I. M., Liber, T., Chamis, C. C., "Measurement of Residual
Strains in Boron-Epoxy and Glass-Epoxy Laminates," Composite
Reliability, ASTM STP 580, American Society for Testing Materials,
1875, pp. 340-351.

Chamis, €. C., Sullivan, T. L., "A Computational Procedure to
Analyse-Metal Matrix Composites with Nonlinear Residual Strains,”
Composite Reliability, ASTM STP 580, American Society for Testing
Materfals, 1975, pp. 327-339. R

80




- 14. Hahn, H. T., "Residual Stresses in Polymer Matrix Composite
Laminates," J. Comp. Mat., Vol. 10, 1976, pp. 226-278.

. 15, Daniél, I. M., Liber, T., “Effett-bf Laminate Construction on
Residual Stresses in Graphite/Polyimide Composites," Experimental
Mechanics, January, 1977, pp. 21-25. . C ;

16. Wang, A. S. D., Crossman, F. W., “Edge Effects on Thermally
Induced Stresses in Composite Laminates,” J. comp. Mat., Vol. 11,
-~1977, pp. 300-312.

17. Chamis, C. C., "Residual Stresses in Angle-plied Laminates and
Their Effects on Laminate Behavior," NASA TM-78835.

18. Pagand, N. J., Hahn, H. T., "Evaluation of Composite Curing
Stresses," Composite Materials; Testing and Design, ASTM 5TP 617,
American Society for lesting Materials, 1977, pp. 317-329.

19."FFarley, G. L., Herakovich C. T., "Influence of Two-Dimensional
' Hygrothermal Gradients on Interlaminar Stresses Near Free Edges,
Advanced Composite Materials - Environmental Effects," ASTM STP
?§§, American Society for Testing and Materials, 1978, pp. 143-
59.
20. Kim, R. Y., Hahn, H. T., “Effect of Curing Stresses on the First

Ply-failure in Composite Laminates," J. Comp. Mat., Vol. 13,
1979, pp..2-16. ' '

21. Pipes, R. B., Pagano, N. J., "Interlaminar Stresses in Compssite
Laminates under Uniform Axial Tension," J. Comp. Mat., Vol. 4,
1970, pp. 538-548. _ :

22. Pipes, R. 8., Danfel, I. M., "Moire Analysis of the Interlaminar
Shear Edge Effect in Laminated Composites,” J. Comp. Mat., .

Vol. 5, 1971, pp. 225-259. :

23; Ramberg, W., Osgood, W. B., "Description of Stress-Strain Curves
by Threc Parameters," HASA TN 902, 1943.

24. Tsai, S. W., Wu, E. M., "A General Theory of Strength for
Anisotropic Materials," J. Comp. Mat., Vol. 5, 1971, pp. 58-80.

25. Herakovich, C. T., Nagarkar, A., O'Brien, D. A., "Failure Analysis
of Composite Laminates with Free Edges," Modern Developments in
Composite Materials and Structures, J. R. Vinson, ed., ASME, 1879,

26. Bergner, H. W., Davis, J. G., Herakovich, €. T., "Analysis of
Shear Test Methods for Composite Materials,' VEI-E-77-14,
April 1977. :




27.

28.

29.

- 82

Wang, J. T. S., Dickson, J. N., "Interlaminar Stresses in
Symmetric Composite Laminates," J. Comp. Mat., Vol. 12, 1978,
pp. 390-402. :

Wang, A. S. D.,.Crossman, .F. W., "Some New Results on Edge Effects
in Symmetric Composite Laminates," J. Comp. Mat,, Vol. 11, 1977,
pp. 92-106. : ‘

Jones, R. M., Mechanics of Composite Materials, Scripta Book

 Company, Washington, C. C., 1975.




APPENDIX A
CONSTITUTIVE RELATIONS

83




84

APPENGIX A
CONSTITUTIVE RELATIONS

The constitutive relationship for aﬁ orthotropic material in the

principal material directions can be written

{a}y = [C)({e}y-{a)yaT)

where
Gy G2 &3 O 0 0
Chp €3 O ) 0
c 0 0 0
Chg O 0
Symmetric C¢5 0
C6
L. d
%z €2
o €
)% _J€3
@y = 7% te) SO
123 ¥23
13 N Rk
T Y
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For a e rotation about the 3 (z) axis (Fig. 1), the constitulive

relationship becomes

{o} = [CH{{e}-{u}aT)

where
c. t,. ¢ R
n Y2 G , 16
| Lo L3 0 0 Ty
[C] = C33 0 0 C36
- Cog Ly O
Symmetric C55 0
“66
, (. ) (.
X X
[e} ¥
. Yy Y
a £
. z z
{o} = {et =
< <
yz yz
v Yxz
\ %) )
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[¢)
\ Y/
and the various matrix and vector terms as functions of the principal

material properties are given below (m=cos®, n=sina).

n - m4C]]+2m2n2(

(qul}
|

4
P ATTIALSY)

22 4. 4
1p =N (C]]fC22—4066)+(m +§ )012

(!
]

2 2
Gy = mCygtnCy3

2 2 2
sz-(m -n )(C]2+2C66)]

_ .4 22 4
C22 =n C]]+Zm n (C]2+2C66)+m C22

2
Cig = -mn[m Cy-n

= ? 2
n C]3+m C23

A - 2 2 2 2
Cog = -mn(n Cyp~m C22)+(m -n )(C]2+2C66)

C33 = C33

C36 = mn(C23-Cl3)

Caq = M°Ciq*n Cog

C45 = mn(C44-C55)

Co = n°Cyqin Gy

Cep - mznz(c”ﬂ:zz-zc]2)+(m2-n2)2c66
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ax = mza-lfnzaz
ay = n2u1+m2a2
@ T °3

axy = —2mn(ai-q2_)
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APPENDIX B
STIFFNESS MATRIX

Equations (B.1) represent the equilibrium equations for applied
strain loading. Equ's (B.2) represent the equilibrium equations in
average force loadings. In_theseAequations, [K] is the symmetric
elemental stiffness matrix, gx{S} and {T} are force vectors correspend-
ing to the applied strain and temperature change respectively, {FY is
the vector of applied forces, and {x} is the vector of unknown nodal

displacements.

k1@ @) 4 g sy - Fy ()
. (6.1)
(9x9) (9x1) (9x1) (9x1)

@ - m - @) (8.2)
(10x10) (10x1) (10x1) (10x1)

Defining the following terms

a = (2,2,)/2
b = (Y3-Y2)/2
c'= (23-24)/2
d = (¥;-Y5)/2
e = (2,-2,)/2
- g = (Y,-¥{)/2
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. : v A* = the area of element (2)

*
" F = average normal force

where Y] through Y3 and Z] through Z3 are the coordinates of the nodal
points of element & in the Y-Z plane, the element of the matricies of

Equ. (B.1) can be defined as follows.

2

I
—~
o

- (F Ln L2400
Ky = (Cogb™ + Cgga™)/A Koo

- ([ F L -
K12 = (C55bd + C66ac)/A K23 (C55dg +C

Kyg = (Coebg + Coeae)/A" Ky = (Cpgac + C4edbY/A*
(g = (g2 + Cuep VB Kpg = (Epec” + Typd A"
Kis = (Cogta + Cpebd) /MY Ko = (Epgec + Cpgda)/A”
Kig = (Cogea + Cagbg)/A® Ky = (Eycbe + Eypda)/A
. Ki7 = (635ba + 645ba)/A2 Kyg + (Cqgdc + C Sdc)/AE
(g = (Cygda + Egghel/A* Kyg = (Eyqge + Eypdel/n”

Kyy = (Cgg0” + Ceﬁez)/Ai Kyq = (szaz + Cygb0) /At
Kyg = (Cpgae + Tygab) /A" Ky = (Cppac + Cyqp) I
Kyg = (Ezﬁce + E4sbd)/A2 Ky = (Cyp0e + 644bg)/A2
(s = (Cpge? + Cuga®VAE Kyy = (Eggbo + pyao)A°
. Kyy = (536be + C4sga)/Al Kyg = (644bc + Cz3éd)/A£
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P : B

K38 = (C36de
Kyg = (C3g9¢
a2

Keg = (Cppe
Keg = (c 2oCe
Kg7 = (Cqqda
Kgg = (Cyqac
Kgg = (Cyqde
a2

Kg7 = (C33b
Kyg = (C33bd
Kyq = (C33bg
‘51 =

5, =

5, =

X] =

Xy =

feY)
(%]
n

o
[72]
|
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49 =

Keg = (C
Kgz = (C
Keg = (C
K69 = (C
Kog = (C
Kgg = (C
Kgg = (C
C16 [ S
012 c S
Ciad S
Us
Vz.
Wo

44

be

(A ]

22
4492
443¢

449¢

f

= 2
+ C2339)/A

+C Cpq0 2yt

C23eb)/A

P L
+ C23e9)/A

- [}
+ Cz3eg)/A

Cay

C )/A

c44ce)/A2

+ 644e2)/AR




where f's are nodal forces.

For Equ's. (B.2) the previously defined terms

lowing additional terms

K110 = G162
Kgro = Cp02
K710 = Cy3b
- %
010 = EiA
X10.

-7

Ty = (Creeg
T2 (C

Tg = (Cypey

T5 = (C]zt»:x

92

- g2
Fp = )
- 2
Fs = fy
- §2
Fg =Tz

_ 3
Fy = f)
_ 3
Fy= 1,
-3
Fg = fz

apply plus the fol-

Kojo = C16¢ K310 = Cyg®
Ks1o = C12¢  Kg1p = Cig
Kg1o = C13d  Kgyp = €459
i P F

T, TL.a0T
* Copey * 365, * Copryy )@

- - -7

* Cogey + L3ty * Cogpryyle
= T2 T,: T

*t Copey + Coze, + Cogryy)d
- T.-= T.z T

+ szey + C23Ez : Czsyxy)c

PR
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s T.= T,= T,z T
Te = (Cype, * Copey + Cpge, + Copryyde
= T.= T,z
T7 = (Cygeq + Cozey *+ Ca3ey 36ny)b
Tg = (E eT +C e + C )d
8 13%x 7 “23%y 6ny
s TL= T,.= T.,: T
= (Cqgeq + Cozey + C33e, + Cagvyy )9
s T.x T.= T
Tro = (Cyqeg * Cypey + Gyge 5ny)A

vihere

T
€
X

T_,2 2
e, = (n ap +m az)AT

Y

el = a3AT

T 2mn{oaq ~a, ) AT
Yxy 17%2

= (mzm1 ¥ nzaz)AT

For moisture analysis the vectorV{T} is identical exéept ays On and aq

are replaced by Bys> By and Bs-
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. ' _ APPENDIX C
. : TENSOR POLYNOMIAL FAILURE CRITERION

The tensor polynomial failure criterion in the contracted tensor
notation (for an orthotropic material in the principal material

directions) has the form

. _ 2. 2
Fioy#FpoptF gty o tFy,0)

2. 2 2 2
*F330934F 04 723*F 55713466712

11+

(c.1)
+2F]20102+2F]30103+2F230203 =1

where the Fi and Fij terms are as previously defined in Chapter 3.
In the xyz (laminate) coordinate system, the tensor polynomial failure
criterion transforms (from the 1-2 to x-y by anticlockwise rotation of

+8) into

" . 1) ] 1 [] ] 2
' F1°x+F2°y+F3°z+F6°xy+F]1°x

. 1 2 1 2 ] 2 ) 2
. 00y 3305 Faa Ty FesTys

+FL 12

66Txy+2Fl

]SOXTXY+2FéSUyTxy (c.2)

1 . el
+2F§6°szy+2F4STyzsz+LF12°X°y

Ly ] L] P
+£F]3cxcz+2F23oyoz =]
where the F' terms, as functions of the unprimed F's and o, are as .

follows (m = cose, n = sine)

2 2,
m F]+n r2

n
—-
"

B N e

2 2
o =N F]+m F2

M
1]
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Fy = Fy

n
o2 0
¥

= —2mn(F]-F2)

, .4 . 22 4
Flp = mFyptmn(Fgt2fyp)inFy,

. _ 4_ . 22 4
F22 = F1]+m n (F66+2F12)+m Fz2
Faz = Fa3

4

- 2
Fag = Mgt Fog

L2 .2
Fgg = N Faptm Fog

Fég = 4m2n2(F]1¥F22-2F]2)+(m2-n2)2F66

Fle = -mn[z(mzp]1-n2F22)§(m2-n2)(2F12+F66)]
Fyg = -m2(n?Fy,-m2F ) )+(nf -n°) (2F | +F () ]
F3p 7 ~m(Fy3-Fp3)

Fag = m(Fgq-Fsg)
o _ 22 4 4
Flp = mn"(Fq+F,5=Fee)+(m +n )Fys
2. ., 2

Fl3 = mFy3inFa3

2 2
Fa3 = nFygtm Foq

These are transformations from the right handed 1-2 coordinate system
into another right hand coordinate system obtained by ah anticlockwise

rotation of 6° about the 3 axis. If a ply is oriented at +6° from the .

laminate axis, the Fij are obtained by using the above equations with

the_sines and zosines of -6°.
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NONCOH3 FLOW CHART
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